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1
$(X, \Vert\cdot\Vert)$ 2 $x_{1},$ $x_{2}\in X$
$\Vert x_{1}+x_{2}\Vert\leqq\Vert x_{1}\Vert+\Vert x_{2}\Vert$
$n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}\in X$
$\Vert\sum_{i=1}^{n}x_{i}\Vert\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert$
[1-3, 10, 14].
1.1 $(X, \Vert\cdot\Vert)$ $n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}\in X$
$\Vert\sum_{i=1}^{n}x_{i}\Vert+C\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert\leqq\Vert\sum_{i=1}^{n}x_{\dot{\iota}}\Vert+D$ (1)
$C,$ $D$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$
1753 2011 162-171 162
1 $n=2$ 1992 Hudzik Landes [6]
1.2 ([6], Lemma 1) $(X, ||\cdot\Vert)$ $0$ 2 $x_{1},$ $x_{2}$
$\Vert x_{1}+x_{2}\Vert+(2-\Vert\frac{x_{1}}{\Vert x_{1}\Vert}+\frac{x_{2}}{\Vert x_{2}\Vert}\Vert)\min\{\Vert x_{1}\Vert, \Vert x_{2}\Vert\}\leqq\Vert x_{1}\Vert+\Vert x_{2}\Vert$ .
2005 - [7]
Hudzik-Landes ( 1.2) $n$
1.3 ([7], Lemma 2, [9], Theorem 1) $X$ $0$ $n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$
$\Vert\sum_{i=1}^{n}x_{i}\Vert+(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert$
$\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert$
$\leqq\Vert\sum_{i=1}^{n}x_{i}\Vert+(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\max_{1\leqq i\leqq n}\Vert x_{i}\Vert$
(cf. [4, 5, 11-13])
1.1 (1)
$0 \leqq C\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert\leqq D$
$\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert$
13
$(n- \Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert$
$< \sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert$






$(n- \Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert$ $(n- \Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert_{X_{1}}\cdot\Vert}\Vert)\max_{1\leqq i\leqq n}\Vert x_{i}\Vert$
2 $(n=2$ $)$
$X$ 2
21 $X$ $x_{1},$ $x_{2}$ (i),(ii)
(i) $[0,1]\cross[0,1]$ $(s_{1}, s_{2})$
$\Vert s_{1}x_{1}\Vert+\Vert s_{2}x_{2}\Vert-\Vert s_{1}x+s_{2}x_{2}\Vert\leqq\Vert x_{1}\Vert+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert$ .
(ii)[1, $\infty)\cross[1, \infty)$ $(t_{1}, t_{2})$
$\Vert x_{1}\Vert+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert\leqq\Vert t_{1}x_{1}\Vert+\Vert t_{2}x_{2}\Vert-\Vert t_{1}x_{1}+t_{2}x_{2}\Vert$ .
$X=\mathbb{R}^{2}$ $X$ 2
$x_{1},$ $x_{2}$
(i) $x_{1}$ $x_{2}$ $P$
2 $O,$ $P$ $x_{1},$ $x_{2}$ $x_{1}+x_{2}$
164
$(\Vert x\Vert+\Vert y\Vert-\Vert x+y||)$
( 2 $x_{1},$ $x_{2}$ )
(ii) $x_{1}$ $x_{2}$ 1
$Q$ 2 $O,$ $Q$
$x_{1},$ $x_{2}$ $x_{1}+x_{2}$
( 2 $x_{1},$ $x_{2}$ )
2.1
22 $X=\mathbb{R}^{2}$ $x_{1}=(0,1),$ $x_{2}=(2,0)$ $x_{1},$ $x_{2}$ $x_{1}+x_{2}$
$\Vert x_{1}\Vert+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert=3-\sqrt{5}$ 0.7639
$tx_{1},$ $\frac{1}{2}x_{2}$ $tx_{1}+ \frac{1}{2}x_{2}$
0.5857 $2- \sqrt{2}\leqq\Vert tx_{1}\Vert+\Vert\frac{1}{2}x_{2}\Vert-\Vert tx_{1}+\frac{1}{2}x_{2}\Vert$
$=t+1-\sqrt{1+t^{2}}\leqq 1$
$1\leqq t$ $2-\sqrt{2}$ 1 [1, $\infty)\cross[0,1]$
165
$\Vert tx_{1}\Vert+\Vert\frac{1}{2}X_{2}\Vert-\Vert tx_{1}+\frac{1}{2}x_{2}\Vert$ $\Vert x_{1}\Vert+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert$
$x_{1}=$
$\mathbb{R}^{2}$ $D$ $(s_{1}, s_{2}),$ $(t_{1}, t_{2})\in D$ $s_{1}\leqq t_{1}$ $s_{2}\leqq t_{2}$
$f_{2}(s_{1}, s_{2})\leqq f_{2}(t_{1}, t_{2})$
2.1
23 $X$ $x_{1},$ $x_{2}$ $(s_{1}, s_{2})\in \mathbb{R}^{2}$
$f_{2}(s_{1}, s_{2})=\Vert s_{1}x_{1}\Vert+\Vert s_{2}x_{2}\Vert-\Vert s_{1}x_{1}+s_{2}x_{2}\Vert$
$f_{2}$
$\mathbb{R}^{2}$ $[0, \infty)\cross[0, \infty)$
$f_{2}$
$f_{2}(0,0)=0$ , $f_{2}(1,1)=\Vert x_{1}\Vert+\Vert x_{1}\Vert-\Vert x_{1}+x_{2}\Vert$
$x_{1},$ $x_{2}\in X$ $0<\Vert x_{1}\Vert\leqq\Vert x_{2}\Vert$
$0< \frac{||x_{1}\Vert}{||x_{2}||}\leqq 1\leqq\frac{||x_{2}||}{||x_{1}||}$
23
$0=f_{2}(0,0) \leqq f_{2}(\frac{||x_{1}||}{||x_{2}||},$ $1)\leqq f_{2}(1,1)\leqq f_{2}(1,$ $\frac{||x_{2}\Vert}{||x_{1}||})$ .
$f_{2}( \frac{||x_{1}\Vert}{||x_{2}||},$ $1)=(2- \Vert\frac{x_{1}}{\Vert x_{1}\Vert}+\frac{x_{2}}{\Vert x_{2}\Vert}\Vert)\Vert x_{1}\Vert$
$f_{2}(1,$ $\frac{\Vert x_{2}||}{||x_{1}||})=(2-\Vert\frac{x_{1}}{\Vert x_{1}\Vert}+\frac{x_{2}}{\Vert x_{2}\Vert}\Vert)\Vert x_{2}\Vert$
166
24(cf. 1.3) $X$ $x_{1},$ $x_{2}$ $0<\Vert x_{1}\Vert\leqq\Vert x_{2}\Vert$
$0 \leqq(2-\Vert\frac{x_{1}}{\Vert x_{1}\Vert}+\frac{x_{2}}{\Vert x_{2}\Vert}\Vert)\Vert x_{1}\Vert\leqq\Vert x_{1}\Vert+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert\leqq(2-\Vert\frac{x_{1}}{\Vert x_{1}\Vert}+\frac{x_{2}}{\Vert x_{2}\Vert}\Vert)\Vert x_{2}\Vert$
$(s_{1}, s_{2})$ $f_{2}$ 1
$(s_{1}^{t}, s_{2}^{t})=\{\begin{array}{ll}(\frac{||x_{2}||}{||x_{1}||}t, t) (0\leqq t\leqq\frac{||x1||}{||x_{2}||})(1, t) (\frac{||x_{1}||}{||x2||}\leqq t\leqq 1)(t, 1) (1\leqq t\leqq\frac{\Vert x_{2}\Vert}{||x1||})(t, t) (\frac{||x_{2}||}{||x_{1}||}\leqq t)\end{array}$
24 $f_{2}$ 1
$(s_{1}, s_{2})$ $0\leqq s_{1},$ $s_{2}$ $f_{2}$
1 $s_{1}x_{1}+s_{2}x_{2}$ 23
$x_{1}+x_{2}$ $f_{2}$
$x_{1}+ \frac{||x_{2}||}{||x_{1}||}x_{2}$ $\frac{\Vert x_{1}||}{||x_{2}||}x_{1}+x_{2}$
24
$x_{1},$ $x_{2}$ $\Vert x_{1}||+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert\neq 0$ $\lim_{s1^{arrow\infty,\Sarrow\infty}}2f_{2}(s_{1}, s_{2})=\infty$
23 1.1
167
25 $X$ $x_{1},$ $x_{2}$ $\Vert x_{1}\Vert+\Vert x_{2}\Vert-\Vert x_{1}+x_{2}\Vert\neq 0$
$\omega$ F $(s_{1}^{0}, s_{2}^{0})\in[0, \infty)\cross[0, \infty)$
$\omega=f_{2}(s_{1}^{0}, s_{2}^{0})$
3 ( )
31 $X$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ f (i),(ii)
(i) $\prod_{i=1}^{n}[0,1]$ $(s_{1}, \cdots, s_{n})$
$\sum_{i=1}^{n}\Vert s_{i}x_{i}\Vert-\Vert\sum_{\dot{\iota}=1}^{n}s_{i}x_{t}\Vert\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert$ .
$( ii)\prod_{i=1}^{n}[1, \infty)$ $(t_{1}, \cdots, t_{n})\}_{\llcorner}^{arrow}$
$\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert\leqq\sum_{i=1}^{n}\Vert t_{i}x_{i}\Vert-\Vert\sum_{i=1}^{n}t_{i}x_{i}\Vert$ .
$\mathbb{R}^{n}$ $f$ $\mathbb{R}^{n}$ $D$ $(s_{1}, \cdots, s_{n}),$ $(t_{1}, \cdots, t_{n})\in D$
$si\leqq t_{i}(1\leqq i\leqq n)$
$f(s_{1}, \cdots, s_{n})\leqq f(t_{1}, \cdots, t_{n})$
3.1 22
32 $X$ $x_{1},$ $\cdots,$ $x_{n}$ $(s_{1}, \cdots, s_{n})\in$
$\mathbb{R}^{n}$ $f_{n}$
$f_{n}(S_{1}, \cdots , s_{n})=\sum_{i=1}^{n}\Vert s_{i}x_{i}\Vert-\Vert\sum_{i=1}^{n}s_{i}x_{i}\Vert$
$f_{n}$ $\mathbb{R}^{n}$ $\prod_{i=1}^{n}[0, \infty)$
13
33(cf. $1.3$ ) $X$ $0$ $x_{1},$ $\cdots,$ $x_{n}$
$0 \leqq(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq;\leqq n}\Vert x_{i}\Vert\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{|=1}^{n}x_{i}\Vert\leqq(n-\Vert\sum_{i=1}^{n}\frac{X_{1}}{\Vert x.\Vert}\Vert)\max_{1\leqq i\leqq n}\Vert x_{i}\Vert$
168
$X=\mathbb{R}^{2}$ $f_{n}$ $n=3$
3.4 $X=\mathbb{R}^{2}$ $X$ $x_{1},$ $x_{2},$ $x_{3}$ $0<\Vert x_{1}\Vert\leqq\Vert x_{2}\Vert\leqq$
$\Vert x_{3}\Vert$
$O$ $A$ ( )
$s_{1}x_{1}+s_{2}x_{2}+s_{3}x_{3}$




$X_{1},$ $x_{2},$ $x_{3}$ ( $\Vert x_{1}\Vert$ )
13 $n=3$




35 $X$ $x_{1},$ . $\cdots,$ $x_{2}$ $\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{\dot{\iota}=1}^{n}x_{i}\Vert\neq 0$
$\omega$ $(s_{1}^{0}, \cdots, s_{n}^{0})\in\prod_{i=1}^{n}[0, \infty)$
$\omega=f_{n}(s_{1}^{0}, \cdots, s_{n}^{0})$
[1] A.H. Ansari and M.S. Moslehian, More on reverse trriangle inequality in inner products
spaces, Int. J. Math. Math. Sci. (2005), no.18, 2883-2893.
[2] S.S. Dragomir, Reverses of the triangle inequality in Banach spaces, JIPAM. J. In-
equal. Pure Appl. Math. 6(5)(2005), Art. 129, pp. 46.
[3] S.S. Dragomir, Generalizations of the Pe\v{c}aric-Raji\v{c} inequality in norned linear
spaces, Math. Inequal. Appl. 12 no.1 (2009), 53-65.
[4] M. Fujii, M. Kato, K.-S. Saito and T. Tamura, Sharp mean triangle inequality, Math.
Inequal. Appl. 13(2010), no.4, 743-752.
[5] C.-Y. Hsu, S.-Y. Shaw and H.-J. Wong, Refinements of genemlized triangle inequal-
ities, J. Math. Anal. Appl. 344(2008), 17-31.
[6] H. Hudzik and T.R. Landes, Characteristic of convexity of Kothe function spaces,
Math. Ann. 294(1992), 117-124.
170
[7] M. Kato, K.-S. Saito and T. Tamura, Uniform $non-\ell_{1}^{n}$ -ness $of\psi$ -direct sums of Banach
spaces $X\oplus_{\psi}Y$ , Surikaisekikenkyusho K6kyuroku No. 1452(2005), 227-232.
[8] M. Kato, K.-S., Saito and T. Tamura, Uniform $non-l_{1}^{n}$ -ness of $\psi$ -direct sums of Banach
spaces $X\oplus_{\psi}Y$ , J. Nonlinear Conv. Anal. 11(2010), no. 1, 13-33.
[9] M. Kato, K.-S. Saito and T. Tamura, Sharp triangle inequality and its reverse in
Banach spaces, Math. Inequal. Appl. 10 no.2(2007), 451-460.
[10] M.S. Martirosyan and S.V. Samarchyan, Inversion of the triangle inequality in $\mathbb{R}^{n}$ ,
(Russian. English, Russian summary) Izv. Nats. Akad. Nauk Armenii Mat. 38 (2003),
no. 4, 65-72; translation in J. Contemp. Math. Anal. 38 (2003), no. 4, 56-61.
[11] K. Mineno, Y. Nakamura and T. Ohwada, On the inte$7ynediate$ value of the triangle
inequality and its applications, submitted.
[12] K.-I. Mitani, K.-S. Saito, M. Kato and T. Tamura, On sharp triangle inequalities in
Banach spaces, J. Math. Anal. Appl. 10 no.2(2007), 451-460.
[13] K.-I. Mitani, K.-S. Saito, On sharp triangle inequalities in Banach spaces $\Pi$, J. In-
equal. Appl., (2010), Art. ID 323609, $17pp$ .
[14] S. Saitoh Generalizations of the triangle inequality, JIPAM. J. Inequal. Pure Appl.
Math. 4(2003), no. 3, Article 62, 5 pp.
171
